Suppose the finite group G acts as orientation preserving homeomorphisms of the oriented surface S of genus g . This determines an irreducible subvariety Jtg of the moduli space J?g of Riemann surfaces of genus g consisting of all surfaces with a group Gx of holomorphic homeomorphisms of the same topological type as G. This family is determined by an equivalence class of epimorphisms <// from a Fuchsian group r to G whose kernel is isomorphic to the fundamental group of S . To examine the singularity of Jfg along this family one needs to know the full automorphism group of a generic element of Jig ' . In §2 we show how to compute this from y/ . Let JtP denote the locus of all Riemann surfaces of genus g whose automorphism group contains a subgroup isomorphic to G . In §3 we show that the irreducible components of this subvariety do not necessarily correspond to the families above, that is, the components cannot be put into a one-to-one correspondence with the topological actions of G . In §4 we examine the actions of G on the spaces of holomorphic ^-differentials and on the first homology. We show that when G is not cyclic, the characters of these actions do not necessarily determine the topological type of the action oî G on S .
Introduction
Suppose the finite group G acts as orientation preserving homeomorphisms of the oriented surface 5. By varying the complex structure of the quotient surface S/G and lifting to S, one should get all Riemann surfaces Sx with a group Gi of holomorphic homeomorphisms of the same topological type as the action of G on 5". That is, these are actions by G on Riemann surfaces that are analytically deformable to each other. Such a family is determined by an equivalence class of epimorphisms y : Y -> G, where T is a group of Fuchsian type and the kernel of y/ is isomorphic to the fundamental group of 5. These families were studied in [3] [4] [5] [6] [7] [8] [10] [11] [12] . In §1 we review the relevant facts from Teichmüller space theory which are needed to describe these families.
There are questions about these families that can be answered given <//. For instance, is G the automorphism group of the generic element of this family? If not, what is the automorphism group of the generic element? This is important to know if one is interested in the equisingularity strata of the singular set of the moduli space of genus g [14] . Using a result of Singerman [18] , we characterize in §2 those G-actions for which the normalizer of G in the automorphism group of any surface in the corresponding family is strictly larger than G. We also note that if generically the normalizer of G is not the entire automorphism group, then the family consists of one point. Next we consider the set of all Riemann surfaces of genus g with a subgroup of its automorphism group isomorphic to G. In §3 we see that for certain G the components of this subvariety do not correspond in a one-to-one fashion with the topological actions of G, that is, there may be a G-action which determines a family completely contained in the family for another action of G.
Another set of questions involves invariants associated to group actions. If G is contained in the automorphism group of the Riemann surface S, then there is an induced action of G on the vector spaces of k-differentials on S for all k > 1. Note that the representation on quadratic differentials of the full automorphism group of <S determines the singularity of the moduli space at S. The sequence of characters of these representations of G is determined up to composition with automorphisms of G. These invariants could be used to decide whether or not two epimorphisms y/x, y/2 : Y -> G determine equivalent actions of G. For cyclic groups these questions have been addressed by Guerrero [6] , Harvey [7] , A. Kuribayashi [10] , and I. Kuribayashi [11] . In fact I. Kuribayashi proves that the sequence of characters determines the action of G for G cyclic. In §4 we offer some negative examples. We first review the relationship between the characters of the representations of G on differentials and the rotation data at fixed points. We prove that the character of the representation of G on integral homology determines the signature of Y. Using the results of §2, we give two unramified Sj covers of the surface of genus 2, one of which inherits the hyperelliptic involution and the other does not. Since both covers are unramified, the Eichler trace formula [4] implies that the corresponding representations of S-¡ on /«-differentials are equivalent for all k . We also give two examples of unramified D2n covers for even n . To show they are not equivalent, we calculate the representations on integral homology. We see that these representations are equivalent in Sp(2g, Q), but not in Sp(2g, Z). These examples should be contrasted with cyclic group actions yielding representations on integral homology that are equivalent in SL(2g, Z), but not in Sp(2g,Z) [5] .
1
We state some results from [3, [7] [8] [9] [10] 12] . We will include some details, since we will be making explicit calculations in later sections.
Fix a closed, oriented surface S of genus g, with g > 2. Let K -Kg denote kx (S, *), the fundamental group of S, Aut+ (K) the group of orientation preserving automorphisms of K, Inn(AT) the subgroup of inner automorphisms of K, and Modg = Out+(AT) = kxxt+(K)/lnn(K) the modular group or mapping class group of genus g . By a theorem of Nielsen this is isomorphic to the group of orientation preserving homeomorphisms of S modulo isotopy. Suppose 6 is an orientation preserving homeomorphism of S. It may not fix the basepoint, and so it may not induce a well-defined automorphism of K. But 6 is isotopic to homeomorphisms that do fix thejpasepoint, and so 8 induces a well-defined element of Out+ (K), denoted by 6 . We use the same notation for groups of homeomorphisms of S. Suppose 5i and 52 are two Riemann surfaces of genus g and for i = 1,2, G, < Aut(5,-), the group of holomorphic homeomorphisms of S,. We say (Sx, Gx) is topologically equivalent to (52, G2) if there is an orientation preserving homeomorphism 6 : Sx -^ S2 and an isomorphism ß : Gx -► G2 such that for all g e Gx, dog-ß(g) o Q. Suppose 7t, : 5, -► Si/G¡ is the quotient map. Then this is equivalent to the existence of orientation preserving homeomorphisms 6 : Sx -► 52 and #o : 5i/Gi -► S2/G2 such that n2° 9 = Bqo rtx. If 6 can be chosen to be biholomorphic, then we say (5i, Gj) is isomorphic to (52, G2).
Again suppose G, < Aut(5,) for z = 1, 2. Suppose 6,■ : S -► S¡■, i = 1, 2, axe any orientation preserving homeomorphisms. Then G\ = 6~xGidi, i = 1,2, are two groups of homeomorphisms of 5, which determine subgroups G\ and G2 of Modg . If (5i, Gi) is topologically equivalent to (52, G2) by 6 , and a = 82x o 0 o 9X , then G2 = aG'xa~~x and so G[ and G2 are conjugate subgroups of Modg.
On the other hand, suppose G is a finite subgroup of Mod^. This determines, up to isomorphism, a unique extension of K via This gives us an injection <pr : G -* Aut(Sp). Let Gr = <f>r(G). By covering space theory there is a homeomorphism 0 : S -> Sp inducing nx(S, *) = K -^ r(K) ~ nx(Sp, *), and the subgroup of Out + (7i") determined by Gr and 6 as above is G.
Let Sr -U/r(Y) and n : Sp -> Sr be the quotient map by the action of Gr. Then Sr is a Riemann surface of genus p, with t distinguished points px, ... , pt, which are the ramification points for the map n . If Y has presentation [12] . Let p = r o i and o = s o i. Then 9 descends to an orientation preserving homeomorphism of Sp and S" intertwining the actions of Gr and Gs. Thus (Sp, Gr) is topologically equivalent to (Sa, Gs).
Suppose a e Aui+(K) and consider ä~Gä~~x. Then aYa~x is the subgroup of Aut+(7<") containing Inn(7v") which projects to a~Ga~x . We denote by ia the isomorphism of conjugation by a, ia(y) = aya~x . Then we have the followng commutative diagram:
Then la : T(aTa~x) -* T(Y) is an analytic homeomorphism and we have ]T(aYa-x) = Tf°"'' = â~x(Tg). Note that if a G T, then za is the identity map on r(r).
We can draw several conclusions from this. On the other hand, if ä(T^) = Tg, then rf03"' = Tj¡ . Let 77 be the group generated by ä~Gä~~x for a in the stabilizer of Tg . Then Tg = T" and so 77 is a finite group. Thus N(G) is a subgroup of finite index in 7V(77), which is the stabilizer of Tg in Mods . We can summarize the above remarks as follows. Suppose 2* is a conjugacy class of finite subgroups of Modg and let Gef.
We also denote this conjugacy class by [G] . Let Y be the subgroup of Aut+(7i) which projects to G. Then Then we will write 2? < & (resp. 9 < X) if there are G e 9 and 77 € X such that G < 77 (resp. G < 77).
2
In this paper we want to study the subvarieties Jff of ¿#g . We have already noted their dimensions. Their singularities would have similar description as for ./#£ itself, possible quotient singularities at 5i when Gi ^ N^ul(S AGX), but also possible identification singularities when Aut(5i ) contains two subgroups Gi and G2 from 2? which are not conjugate in Aut(5j ).
It is clear that if G < 77 are finite subgroups of Mod^ , then ^H] C ^G]. We will first examine cases when these can be equal even though G / 77. If y/ : Y -> G and Y has presentation (2), let a, = y/(x¡), b¡ = y/(y¡), 1 < i < p , and c¡ -y/(z¡), 1 < i < t. If k = I, then a exists after replacing y/ by y/ ° ß for some p e Aut+(T). 5. T has signature [0; k, k, k, k] for some k with 3 < k and there are a, ß e Aut(G) such that a(cx ) = c}, a(c2) = c4 , a(c3) = cx, a(c4) = c2 , ß(cx) = c2, ß(c2) = cx, ß(c3) = cxxc4cx, ß(c4) = c2c3c2x . 6 . T has signature [0; I, I, k] for some k, I with 3 < /, 2 < k and at least one of the inequalities is strict. If k f= I, there is an a e Aut(G) such that a(cx) = c2, a(c2) = cx, a(c}) = c2C)C2x . If k = I, then a exists after replacing y/ by y/ ° p. for some p e Aut+(T).
7. T has signature [0 ; k, k, k] for some k > 4 and there is a ß e Aut (G) such that
8. T has signature [0; k, k, k] for some k > 4 and there are a, ß e Aut(G) such that a(cx) = c2, a(c2) = cx, a(c3) = c2cic2x ,
If 77 is the corresponding group with presentation I, 2, 3, 4, 6. 77 = (G, a \ ■ ■ ■ , a2 = 1, aga = a(g), for g e G), 5 . H = (G,a,b\--, a2 = b2= 1, aga = a(g), bgb = ß(g), for g e G, abab -(c2c3)~x), 7 . H=(G,b\-, b3=l,bgb2 = ß(g),for geG), 8 . H=(G,a,b\---, a2 = bi = l,aga = a(g),bgb2 = ß(g), for g eG, abab = cxx), Moreover, with this particular j and a presentation of the corresponding group 77o, the presentation of 77 is that given in the theorem.
The remaining problem is that the generators of Y singled out above may not be the initially chosen ones, that is, suppose ; is replaced by j ° p~x for some p e Aut+(r). Then by the remarks in §1, 77o is replaced by pHffi~x.
But T(Y)H° = ]T(Y0) = T(Y) and so also r(r)^/r' = t(Y) . Let 77, be the subgroup of Mod(T) generated by JJH0Ji~x for all p e Mod(T). Then 77o < 77i « Mod(T) and T(Y)H< = T(Y). Thus 77] is a finite group and if
Ti is the subgroup of Aut+(r) containing Y (i.e., Inn(T)) which projects to 77i, then Y < Yx and dim T(Y) = dim T(YX ). Therefore the pair Y, Yx must be on Singerman's list. Thus in all cases except 4 and 6 with k = I, we have r0 = T[ and Hq -Hx. This shows that the results above are actually independent of j for these cases. But in case 4 (resp. case 6) when k = /, the pair Y, Yx comes from case 5 (resp. case 8) and Hx ~ Z2 x Z2 (resp. 53 ). The three subgroups of 77i isomorphic to 770 are conjugate in Mod(T) and so there exists p transforming our given j from the beginning of the proof into the one of the above computations. This will replace (i, y/) with If 77i is the subgroup of Mod# generated by all such 77, then 77[ also has the above property. It follows from the theorem that if 77i corresponds to case 1, 2, 3, 4, 6, or 7, then 77i is the only subgroup of Mod^ with the above property. On the other hand, if 77i corresponds to case 5 (resp. case 8), then there are also three subgroups of 77i corresponding to case 4 with k = I (resp. three subgroups of 77i corresponding to case 6 with k = I and a subgroup corresponding to case 7) with the above property. Note that their conjugacy classes may or may not be distinct.
As was noted earlier, ^(Y) is the space of isomorphism classes of Riemann surfaces of genus p with t distinguished points px,... , pt of orders mx, ... , mt resp. For most Y the generic pointed Riemann surface corresponding to an element of Jf^Y) has trivial automorphism group. But for the T listed in the theorem, the automorphism groups of all elements of ^#(T) contain the corresponding group 77o .
1. All Riemann surfaces of genus 2 are hyperelliptic.
2. AU Riemann surfaces of genus 1 with distinguished points px ^ p2 have the automorphism a(p) = px+p2-p .
3. All Riemann surfaces of genus 1 with distinguished point px have the automorphism a(p) = 2px -p .
4, 5. The automorphism group of P1 with any four distinct distinguished points contains Z2 x Z2. 6, 7,8. Aut(P* ~{0, l,oo}) = 53.
Thus the theorem gives the conditions for some or all of these automorphisms to lift to a regular cover branched over the distinguished points.
This also shows that we can say more in cases 4 and 6 when k = I. Suppose T has signature [0 ; k, k, k, k], corresponding to P1 with four distinguished points px , p2, p3, p4. Every orientation preserving automorphism of Y sends z, to a conjugate of some z¡ and Mod(T) maps onto S4 . The automorphism group noted above permutes px , p2, p3, p4 as the normal Z2 x Z2 in 54. There are three elements of order 2 and any one could lift to the cover of P1 determined by y/ . Thus case 4 says that, up to composing y/ with one of three coset representatives of A^(To) inAut + (T), zZl induces an automorphism of G, or, equivalently, in the notation of case 5, one of izx , iz2, or iz} induces an automorphism of G. Similar remarks hold for case 6 with k = /, since Mod(T) = 53, which has three elements of order 2.
Remark. Note that the dimension of JigG^ is 3 in case 1, 2 in case 2, 1 in cases 3, 4, 5, and 0 in cases 6, 7, 8. Table 1 we reproduce Singerman's list and identify 77o, Go, and A. Again suppose T(Yn) = {[r]} and let Sx = U/r(A). In cases A and C, 5i is the Klein-Hurwitz surface of genus 3. In B, 5i is Macbeath's surface of genus 7. In D, 5i is the Fermât quartic of genus 3 and hence 77i = Z4xZ4x53 of order 96, where 53 acts as in the nontrivial component of the permutation representation. Gi is any cyclic subgroup of order 8. In F, 772 = Z3 x Z3 x Z3 x A4 of order 324, where again A4 acts as in the nontrivial component of the permutation representation. G2 has order 27 and is generated by any two elements gx, g2 of order 9 such that (gx) n (g2) has order 3. In G, 5i is Bring's surface of genus 4.
Suppose T is from the table, y/ : Y -> G is an epimorphism, and i is an isomorphism from Kg to ker yi. Then the pair (i, yi) allows us to identify G with a subgroup of Mod? . Suppose 5 is the surface of genus g with this G-action. Then there is a group 77 < Modg with G < 77, G not normal in H, and Jfg^ -J£\H^ if and only if there is an inclusion j : Y -> Yq for some To corresponding to Y in the table and an epimorphism <//o : To -> 77 such that y/o° j = y and ker y/0 = j(i(K)). We will not go through the details of each case, but make the following remarks. Conversely we could also ask if a given finite subgroup 77 of Modg contains a subgroup G such that ^#jG] = ^gH^ ■ Given all the information above we can give an easily computable condition in the next theorem. We continue the above notation and let Go = ( 1 ) in the context of the previous theorem. Note that 0o depends on the particular case of that theorem and not just on To and 77o. In cases 2, 4, and 6 the epimorphism 0o given above is not the only one having a group of the "type" of Y as kernel. In cases 2 and 4 when k = 2 and in case 6 when / = 2k, Y is not a characteristic subgroup of To . In addition, in case 6 when / is even we may switch the roles of Z2 and Z3. Finally suppose that 2?x and 2?2 are conjugacy classes of finite subgroups of Modg such that Jfp = Jig2. Suppose G, e 2?i are chosen so that Tg1 = Tg2 and neither Gi nor G2 contains the other. Let 77 be the subgroup of Modg generated by Gi and G2. Then T'f = Tg' and 77 is a finite group. Note that it need not be true that Tg,n°2 = Tg1 . Let Y0, Yx, Y2, and Y3 be the subgroups of Aut+(Kg) projecting to 77, Gi , G2 , and Gi n G2, resp. Then the pairs Ti, To and Y2, To must come from the first theorem or from Table   1 .
We will consider the case where the dimension of J?gH] is greater than or equal to 1. Then Gi and G2 are normal subgroups of 77. Let F3 = 77/(Gi n G2) = r0/r3 and F, = 77/G, = r0/r,. Up to switching Yx and Y2 there are only four possibilities which we record in Table 2 . This should be compared to the theorem in §2 of [6] . Notation. We introduce the following notation for the sake of brevity. Given T with signature [p; mx, ... , mt] and presentation (2) We consider the case where G -(8 \ 8" -I) is cyclic of order n for some n > 3 . Suppose y/ : Y -> G determines the family Jtg ". We refer to the cases of the first theorem in §2.
In cases 1 and 2, 77 ~ D2n, the dihedral group of order 2«, and is the automorphism group of the generic element 5 of Jtg ¥. In case 1, g -n + 1, and in case 2, g = n -n/k + 1, where 1 < k \ n . Hence, generically, Aut (5) contains only one subgroup isomorphic to G. In case 3, Y has no abelian quotient with torsion free kernel.
Suppose in case 4 that cx -y/(zx) is a generator of G. By composing y/ with an automorphism of G we may assume cx = 8 . We also assume that 77 is abelian, that is, that a is the identity automorphism of G. Then 77 ~ Z" x Z2 and y/ ~ (8, 8e, 8, 8e) for some e such that 1 < e < n -1 and 2 + 2e = 0 (mod n ). Hence g = n -(n, e). If n is odd, then e = n -1 and if n -2nx is even, then there are two solutions e = n -1 and e = nx -I.
First suppose e is odd. Note that this implies n = 2nx and g = n -1. Then r0 has signature [0; 2, 2, 2nx, 2nx] and (4) Remark. If « is odd, then 77 ~ Z2" and does not contain a second subgroup isomorphic to Z". bS~xa, a, 8) . From the form of y/0 we can see that a has 2« fixed points and so must be the hyperelliptic involution. Thus all elements of Jfg ¥ axe hyperelliptic. If in addition n -2nx, then y/0 satisfies case 3. If Y2 has signature [1 ; nx] and G2 = (a8, ab) ~ D2n , we get y/2 : Y2 -> G2 defined by ^2 ~ (8~xa, ab ; <52) and Âfg ¥ = Jfg n , where g -n -1. Thus y/ and ^2 give us an example of the fourth case of Table 2 . Note that Gn G2 = (S2) ~ Z", and G is not conjugate to a subgroup of G2 in Modg . If n = 4tto and e = 2«0 -1, then e2 = 1 (mod n ) and again y/ satisfies the hypotheses of case 5 with ß(8) = 8e . It can be seen from this that the general element of this Jfg v is not hyperelliptic. Note that for no = e = I, this family of genus 3 Riemann surfaces contains the Fermât quartic.
In [16] the Jacobi varieties of the hyperelliptic examples above were studied. which is equivalent to the example in [16] . Hence ^#3 " c Jf3 "' = Ji3 .
Remark. Suppose Y2 has signature [0; 2, 2, 2, 2, 2, 2] and W2 '-Y2 -+ Z2xZ2 is defined by Wi ~ (^\, ^i, s2, e2, £X£2, £Xe2). Then ker ^2 -^3 and wi determines a conjugacy class 2?Wl in Mod3. Using w\ above we have both 2?V2 < 2?Vx (nonnormally) and 2/Vl < 2?Wi . This is true since all the induced actions from W\ °f subgroups Z2 x Z2 of 54 are topologically equivalent to
Wi-
Since there are unique S4 actions in genera 4, 5, and 6, the next example with G = S4 occurs when g = 7 . Here Y has signature [0 ; 2, 4, 2, 4] and W : T -» 54 is defined by w ~ ( (13), (1432), (14), (1342) (34), (12), (14), (23), (13)(24)), and J!*' c 4
We have seen that the action of G on a collection of Riemann surfaces of genus g is determined by an epimorphism w '■ r -» G whose kernel is isomorphic to Tig . In this section we will study some topological and analytic invariants associated to an action of G. In particular, we will examine to what extent these invariants determine the (equivalence class of ) w or can distinguish between two such.
Suppose 5 is a Riemann surface of genus g > 2 and G < Aut (5) . Suppose the action of G is determined by w and i as in (1) Remark. If w is replaced by ß~xoyi for some ß in Aut(G), then x, Xq and Xa are replaced by x ° ß, Xq ° ß > and Xßia) respectively.
Eichler's trace formula [2, 4, 11] states that, for 1 < q and a e G, a / 1 , (6) X = 2xg + (2p -2 + t)x{x) -¿2x(c, i=i
First note that p is determined, since 2p = (x, Xg) ■ For / = 1, ... , s, let n¡ be the number of the c, so that (c,) is conjugate to (a¡). Then (6) can be rewritten as
Suppose no conjugate of (ar) is contained in any other of the (at). Then X{a,)(ar) = 0 if and only if / / r. Evaluating (7) at ar, we obtain *{ar>-¿ n" o(ar) ' which determines nr. Suppose that n¡ is known for all (a¡) which contain a conjugate of (ar). Then evaluating (7) Combining the above results we see that knowing the sequence of characters Xq is equivalent to knowing the signature of Y and the rotation data X. Note that I. Kuribayashi proves the above result in [11] , where he obtains the best estimate on the number of Xq needed to determine X.
We now examine some applications of the above to the questions raised at the beginning of this section. We will consider fixed point free actions of G on a Riemann surface 5 of genus g. Then the rotation data X is identically zero and all the characters Xq are determined by G and g. Let p = 4^p + 1 be the genus of S/G and n : S -+ S/G the quotient map.
Suppose first that G is abelian. Then the cover n is determined by an injection j of G, the character group of G, into HX(S/G, R)/HX(S/G, Z), the real form of the Jacobi variety of S/G (see, for example, [15, 16] Then using automorphisms of Y as in [ 1, 7] it is easy to show that any epimorphism w '■ r -> G is equivalent tô ~(ei,ef ,e2, 1, ... , 1)
for some positive zc, k \ n. The problem now is to show that the Wk are inequivalent. But an easy calculation shows that for Wk > &±¡sr a (z,)2 x (z"2/fc)2 x (z"2)2^-4.
Thus we can say that the representation R of G distinguishes the fixed point free actions of G on 5.
If S/G has nontrivial automorphisms, then these may or may not lift to 5 for different G-actions. For example, suppose S/G is hyperelliptic. It is known that the hyperelliptic involution does not lift to every Galois cover. If G has fixed points, then a necessary condition is that the hyperelliptic involution preserves the image of the set of branch points in S/G. However, if G is abelian and acts without fixed points, then it always lifts [15] . We will give some examples to show that this is not the case if G is not abelian.
Suppose T has signature [p; -] and G = Aff+(1, 7). Then there is one equivalence class of epimorphisms w '■ T -<■ G. Since G is solvable, one can see that a lift of the hyperelliptic involution must conjugate an element of order three to its square times an element of order seven. But G has no such automorphism. Thus the hyperelliptic involution cannot lift to any unramified G cover of a surface of genus p . The action of G on F7 yields an embedding of G into 57. Let p = 2 and define two homomorphisms y/x and wi from T to 57 by Wx ~ ( (12) On the other hand d3c2d = (127) and d3c4db = (34567) and so this subgroup contains A-¡. Thus wi is also an epimorphism. It is clear that W\ satisfies case 1 of the theorem of §2. But a and b generate a copy of Afff(l, 7) in 57 and so Wi cannot satisfy case 1. Thus W\ and Wi determine inequivalent unramified 57 covers of surfaces of genus 2.
We now examine the case of fixed point free actions by D2n , the dihedral group of order 2« . Suppose Y has signature [p ; -] and presentation (9) and D2n = (a, b | a" -b2 = abab = 1). Using the results in [1, 7] , we can show that any epimorphism w '■ r -> D2" is equivalent to either W\~(b,l,a,l,... , 1) or, if n = 2«o, í¿/2 ~ (¿?, an°, a, 1, ... , 1).
Again the problem is to show that these are inequivalent when n = 2«o • Since they determine fixed point free actions of Z>2" on surfaces of genus g = 2/î(p -1) + 1, all the characters Xq agree. We will examine the (symplectic equivalence classes of the) representations 7?i and 7?2. For simplicity, we assume now that p -2.
For W\ and Wi we will give canonical bases {xx, ... , x2n+x ,yx, ... , y2n+\} of 77) (5, Z) and determine the corresponding actions of D2n . Recall that a canonical basis is one with the property (Xi, xj)s = (yt ,yj)s = 0, (x¡, y¡)s = 8¡j, 1 < i, j < 2n + 1.
We will use the same letter to denote a curve, its homotopy class, or its homology class. We will write the operation in homology as addition, while still writing concatenation of curves multiplicatively, read from left to right. We now want to show that, even after composing with an automorphism of D2n , Rx cannot be conjugated to 7?2 in Sp(4zz + 2, Z). In fact we can show that Rx(D2n) cannot be conjugated to R2(D2n) in SL(4« + 2, Z). Consider In particular, if we consider elements of order 2 in J(S), that is, we restrict r¡ and 5, to be 0 or 5 , then we find that Rx(D2n) fixes (Z2)5, while R2(D2n) fixes (Z2)4. Thus Rx(D2n) cannot be conjugate to R2(D2n) in SL(4« + 2, Z). We have a solution to these equations readily available, that is, Eq = -\D. Thus Rx(D2n) is conjugate to R2(D2n) in Sp(4« + 2, Q).
